In a recent paper in this journal [J. Stat. Mech. (2009) P02037] we proposed a new, physically motivated, distribution function for modeling individual incomes having its roots in the framework of the κ-generalized statistical mechanics. The performance of the κ-generalized distribution was checked against real data on personal income for the United States in 2003. In this paper we extend our previous model so as to be able to account for the distribution of wealth. Probabilistic functions and inequality measures of this generalized model for wealth distribution are obtained in closed form. In order to check the validity of the proposed model, we analyze the U.S. household wealth distributions from 1984 to 2009 and conclude an excellent agreement with the data that is superior to any other model already known in the literature.
Introduction
The quantitative and formal development of the personal or size distribution of income and the measurement of income inequality was first introduced by the Italian economist Vilfredo Pareto. He specified his type I model early in 1895 [2] , and in 1896 and 1897 his types II and III [3] [4] [5] , and made an inequality interpretation of his shape parameter. Based on Pareto's economic foundations, and on the stochastic foundations afterward developed by other authors [6, 7] , the Pareto law (Pareto type I) is now overwhelmingly considered as the income distribution model of high income groups.
After Pareto's seminal contribution, many probability density functions have been proposed in the literature that are suitable for describing the size distribution of income amongst the population as a whole-see e.g. the comprehensive survey contained in [8] . Fitting of parametric functional forms has also been common for the distribution of wealth. 1 However, the problem for the wealth researcher is that virtually all of the models suggested within the context of the income distribution literature are defined for variables taking only strictly positive values, although published statistical data of wealth distributions give clear evidence of presenting highly significant frequencies of households or individuals with null and/or negative wealth. The early contributions systematically dismissed these frequencies and fitted their respective proposed models to the positive observations only, thus omitting a significant part of the story. 2 To the best of our knowledge, Dagum [15, 16] was the first and only one to specify and test a fourparameter model for wealth distributions (Dagum type II). The fourth parameter in the Dagum model is an estimate of the frequency of economic units with wealth equal to zero. This model is highly relevant to describe total (gross) wealth distribution because of the always large observed percentage of economic units with null total wealth. Dagum [17] [18] [19] [20] made further developments of his type II model to analyze the distribution of net wealth, which is equal to gross wealth minus total debt. The support of the Dagum model of net wealth is the real line R = (−∞, ∞), thus allowing to fit the subset of economic units with null and negative wealth. Furthermore, it contains as particular cases both the Dagum types I and II distributions [15] .
More in detail, the Dagum general model of net wealth distribution is a mixture (or a convex combination) of an atomic and two continuous distributions. The atomic distribution concentrates its unit mass of economic agents at zero, and therefore accounts for the economic units with null net wealth. The continuous distribution accounting for the negative net wealth observations is given by a Weibull function. It has a fast left tail convergence to zero, and therefore it has finite moments of all orders. The other continuous distribution, specified as the Dagum type I model, accounts for the positive values of net wealth and presents a heavy right tail, thus having a small number of finite moments of positive order. This different behavior at the two tails of the distribution stems form the fact that, unlike the right tail of income and (gross or net) wealth distributions-which tend slowly to zero when income and wealth tend to infinity, the distribution of the negative values (left tail) of net wealth tends very fast to zero when the variable tends to minus infinity, since economic units face a short term challenge of either moving out of the negative range of net wealth or bankruptcy.
The purpose of the present work is to provide estimates for the 1984-2009 U.S. net wealth distributions of this Dagum general model, partly motivated by the fact that there are no applications other than Dagum's ones [17] [18] [19] [20] that we are aware of-the only notable exception being represented by [21] , who fitted the model to Finnish net wealth data in 1984 and 1989. Furthermore, since other approaches can be entertained and comparative study of their relative merits performed, we also explore the possibility of using alternative distributions to characterize positive net wealth values. That is, we formalize, analyze and fit to our U.S. net wealth data finite mixture models based upon the Singh-Maddala and κ-generalized distributions as specifications for the positive values. The Singh-Maddala [22] is known to be very successful in fitting the empirical income distributions. The κ-generalized was proposed in previous works of us [1, [23] [24] [25] [26] to describe the distribution of personal income in some developed economies for different years. Positive conclusions were drawn about its ability to provide an accurate description of the observed distributions, ranging from the low to the middle region, and up to the right tail. The empirical success of the κgeneralized was complemented by goodness-of-fit comparisons showing that fitting the distribution to available income data offers superior performance over other existing models (including the Singh-Maddala and Dagum type I) in a significant number of cases.
The content of the paper is organized as follows: Section 2 recalls some basic properties of the κgeneralized statistical distribution; Section 3 presents the main analytical properties of the net wealth qualitatively the same characteristics: many empirical wealth distributions are indeed positively skewed with "fat" and long right-hand tails, as are income distributions. 2 In the 1950s, Refs. [10] and [11] proposed the Pareto type I model and the lognormal distribution, respectively. Afterward, other models were proposed: in 1969 the Pareto types I and II by [12] ; in 1975, the log-logistic by [13] and the Pearson type V by [14] . All of these models are restricted to describe only the positive range of wealth, since they are not defined for zero and/or negative values. distribution models; Section 4 deduces their corresponding moments; Section 5 derives the parametric forms of the Lorenz curve and Gini ratio for the distribution of net wealth; Section 6 fits the specified models to the U.S. data on household net wealth covering the years 1984-2009; and Section 7 presents the conclusions.
The κ-generalized statistical distribution and its properties
After 2001, a physical mechanism emerging in the context of special relativity was proposed by one of us [27] [28] [29] [30] , predicting a deformation of the exponential function. According to this mechanism, the classical exponential distribution transforms into a new distribution, which at high energies presents a Pareto fat tail. More precisely, this mechanism deforms the ordinary exponential function exp (x) into the generalized exponential function exp κ (x) given by
The above deformation is generated by the fact that the propagation of the information has a finite speed, and the deformation parameter κ is proportional to the reciprocal of this speed. The κ-generalized exponential has the important properties
It is remarkable that for classical systems where the information propagates instantaneously it results κ = 0, so that the ordinary exponential emerges naturally after noting that exp 0 (x) = exp (x). Moreover, in the low energy region x → 0 according to Eq. (2b) the exponential distribution emerges again, because the system behaves classically. On the contrary, in systems where the information propagates with a finite speed-these systems are intrinsically relativistic-it results κ = 0, so that the exponential tails become fat according to Eq. (2a) and the Pareto law emerges.
The generalized exponential represents a very useful and powerful tool to formulate a new statistical theory capable to treat systems described by distribution functions exhibiting power-law tails and admitting a stable entropy [31, 32] . Furthermore, non-linear evolution models already known in statistical physics [33] [34] [35] can be easily adapted or generalized within the new theory.
The function exp κ (x) was also adopted successfully in the analysis of various non physical systems [36] [37] [38] . In Refs. [1, [23] [24] [25] [26] we have used the function exp κ (x) to model the personal income distribution by defining the cumulative distribution function through
The corresponding probability density function reads
It follows immediately that for low incomes the distribution function behaves similarly to the Weibull model 
3. the κ-generalized given by Eq. (4).
The corresponding cumulative distribution function reads
where
Hence
with F 3 (w) having the following alternative mathematical specifications
4. Moments of finite mixture models for net wealth distribution It follows from model (5) that the rth-order moment about the origin is 3
and E 2 (W r ) = 0.
As for E 3 (W r ) in the last member of Eq. (14) , according to the alternative distributions considered to characterize positive net wealth values one gets 4
The mean net wealth equals
where E 3 (W ) is alternatively given by Eqs. (16) with r = 1.
The Lorenz curve and the Gini ratio of the net wealth distribution models
By definition, the Lorenz curve [39] describes a relation between the cumulative distribution function, F (w), and the first cumulative moment distribution function, given by where u = F (w) and w (u) = F −1 (u) denotes the quantile function. Given the mathematical structure of the general net wealth distribution model (5) and (10), we have
where B (·, ·) and B (·; ·, ·) denote, respectively, the complete and incomplete Euler beta functions. Eqs. (19) determine the path of the net wealth Lorenz curve L (u) over the closed interval [0, 1] for the different specifications of the net wealth finite mixture model. It follows that for u = 1, L (1) = 1.
Since the net wealth Lorenz curve presents negative values for all u < ρ, it can be proved that the Gini inequality ratio takes the form [19, 20] 
Using Eqs. (19) , the Gini ratio becomes
6. Application
The U.S. data on household net wealth
The empirical analysis is based on data drawn from the Panel Study of Income Dynamics (PSID), a nationally representative household survey collected by the Survey Research Center at the University of Michigan since 1968. The PSID provides detailed information about economic, demographic, sociological and psychological aspects of many U.S. households. Since the focus is on the distribution of wealth, we use all (nine) waves currently available of the special PSID supplement asking information on household wealth holdings. This supplement was added in 1984 and was conducted on a periodic basis prior to 1999 (in 1984, 1989 and 1994) . After 1997 the basic PSID survey switched to biennial data collection, and starting with 1999 the wealth questions have been included in each wave (1999, 2001, 2003, 2005, 2007 and 2009 ).
As shown in Table 1 , the number of households participating in the various waves varies between 6 and 9 thousand, providing samples for analysis that are reasonably representative of the "true" wealth distribution in the U.S. 5 In particular, we are concerned with the distribution of net wealth, which is constructed as sum of values of several asset types net of debt held by each household. 6 Since net wealth is expressed in nominal local currency units, all figures have been deflated to allow for meaningful comparisons over the period covered by the data. To do so, we have employed the Consumer Price Index deflator (yearly series based on year 2005) provided by the OECD. 7 Furthermore, after a simple adjustment for differences in relative needs of households according to their size, 8 net wealth values have been weighted by using appropriate sampling weights provided by the PSID staff in order to produce representative estimates for all households in the target population. Table 1 also provides a number of summary statistics. Consider first the prevalence of zero and negative values. On the basis of the PSID data, the proportion of households with negative net wealth rose steadily between 1984 and 2009 (from less than 7% to over 14%) whilst the proportion of households with zero net wealth increased somewhat between 1984 and 1994 (from slightly more than 4% to about 5%) followed by a decline towards 3% until 2001. By 2003, the percentage of these households started increasing again to almost 4% and stayed nearly the same in the following two waves (2005 and 2007) before reaching, in 2009, about the same level of 1984. Notwithstanding these differences in the proportions of negatives and zeros with regard to time trends and levels, when their joint prevalence is taken into account we find it to be relatively high on average (around 14% of the sample size). This situation is quite different from that generally faced in the case of income data, where it is often assumed that income can only take on positive values-in practice, there may be non-positive incomes but usually the number of these is so small that one can just ignore them. By contrast, in the case of net wealth data the assumption of dealing with a positive quantity can not be justified, since it is a matter of fact that many people enter a period of indebtedness at some point in their life. Therefore, net wealth may legitimately take on negative and zero values, and the proportion of such observations could be non-negligible (as in our case) in representative samples of the target population. 9 Results on time trend in real mean household net wealth show that it rose continuously by some 111% from 1984 to 2007 and then fell by almost 3% between 2007 and 2009, for an overall annual growth rate of about 3% over the entire period. The time trend (although not the magnitude of level changes) in median net wealth appears to mirror that of the mean. Indeed, the PSID data show median net wealth rising in real terms by some 54% from 1984 to 2007-save for a temporary slight decrease by less than 1% between 2001 and 2003-and then quickly reaching the same level as in 1989 by a sharp fall-off of around 31% between 2007 and 2009, for an overall annual growth rate of about 0.2% over the twenty-five years.
The change over time in the relationship between the mean and median is shown in Figure 1 . To provide an indication of how the distribution of wealth across households has changed, the evolution of the relative positions of households at the two ends of the distribution (i.e, the bottom and top quintile groups or bottom and top 20%) is also displayed. 10 As noted above, both mean and median net wealth increased from 1984 to 2007, with the mean typically increasing to a greater extent than the median. This suggests that in recent decades wealth became more concentrated among households at the upper end of the distribution, and indeed in those years where the divergence between the mean and the median became wider-i.e., between 1994 and 2007-the largest changes in net wealth holdings of households in the top of the real distribution were also observed. By contrast, both measures fell during the 2007-2009 recession. The relatively greater decline in the median than in the mean suggests that the recession more adversely affected the households in the bottom of the wealth distribution than those further up, as shown by the worsening relative position for the bottom 20% of them. One might suspect that the differences in the pace of real growth between the mean and median net wealth are partly caused by the presence of long and heavy tails in the distribution of U.S. household net wealth, particularly at the top of the data range. Indeed, the positive skewness values listed in the fourth row of Table 1 suggest that the distribution of net wealth in any one year has a long tail toward the upper end, thus indicating a non-trivial prevalence of values that are "extremes" in relation to the rest of the data. Furthermore, in each of the wave years the level of kurtosis is huge as compared to the normal distribution (fifth row of Table 1 ), meaning that the upper tail of net wealth distribution is inevitably "fat"-i.e. declines to zero more slowly than exponentially. As the median would not be affected by the extreme values, this results in average net wealth holdings that are consistently larger than median ones in all cases.
Additional information about the fatness of the upper tail of the U.S. net wealth distribution can be obtained from visual examination of the sample mean excess plot shown in Figure 2 . 11 For a sequence of threshold values {w i } i=1,...,N , the mean excess plot reports the mean of exceedances over w i against w i itself. Putting it differently, this is a plot of the set of pairs (w i , e n (w i )) i=1,...,N −1 , where e n (w i ) = 
..,N ) and {w i } i=1,...,N are the sample observations ranked from least to greatest. If the points in the plot show an upward trend, then this is a sign of heavy-tailed behavior. Exponentially distributed data would give an approximately horizontal line and data from a short-tailed distribution would show a downward trend. In particular, if the empirical mean excess plot seems to follow a reasonably straight line with positive slope above a certain net wealth value, then this is an indication of Pareto (power-law) behavior in tail. This is precisely the kind of behavior we observe in the 2003 PSID data. In fact, apart from some noisiness by the most extreme observations, there is evidence for consistent upward trends of the data and straightening out of the plots above some points onwards, hence providing a statistical justification for the emergence of power laws as limiting behavior for the very wealthy.
Does this finding matter when it comes to inequality judgments? Figure 3 Figure 3 also displays the evolution between 1984 and 2009 of the share of total net wealth held by the richest 20% of households, which amounted on average to around 80% of the whole over the period. A noteworthy result is that the observed time pattern of inequality seems to have been driven by the conspicuous wealth holdings at the very top end of the distribution. Indeed, as can be seen from the figure, the time profile of net wealth share of the wealthiest 20% is analogous to that of Gini coefficient: after rising to a peak in 1999, it went down and then started to increase again until 2009. 12 To sum up the above, wealth in the U.S. has become more concentrated in recent decades. Net wealth inequality increased by the mid-1990s, and the increase was not interrupted during the 2007-2009 recession. The share of total net wealth held by the top wealth owners has also grown during the same period, whereas at the other end of the wealth distribution there was a sharp increase in the number of households with zero or negative net wealth. Needless to say, this has resulted in a widening gap between the rich and the poor that advocates more attention be paid to the implementation of appropriate and practical policies aimed at reducing inequalities, limiting their negative effects on the socio-economic system and reversing the mechanisms producing them [47] . Table 2 presents the parameter estimates and other relevant statistics arising from the fitting of the net wealth distribution models previously discussed to the PSID data from 1984 to 2009. The parameters were estimated in all cases by minimizing the negative of the log-likelihood function via a modified Newton-Raphson procedure implemented in Stata's ml command [48] , with the parameter covariance matrix estimates based on the negative inverse Hessian. Convergence was achieved easily within several iterations.
Estimation and comparison of finite mixture models for net wealth distribution
The small value of the errors indicates that all the parameters were very precisely estimated. The mixture proportions (the θ's) correspond exactly to the sample estimates shown in Table 1 , and the scale parameters (the b's, β and λ) reflect the changes over the period in both the median and the mean among the positive and negative values of real net wealth. 13 The other parameters (the a's, α, p, κ, q and s), characterizing distributional shape, are easiest to interpret by comparing predicted values for key distributional summary measures with their sample counterparts, as the effect of changing one of them is contingent on the value of the other parameters. For example, Figure 4 shows that the overall mean net wealth and Gini coeffcient as estimated from the mixture models are very close to their sample estimates. 14 However, the agreement (both in magnitude and temporal behavior) between the implied and sample estimates of the mean and Gini coefficient is much closer for the Singh-Maddala and κ-generalized mixture models than for the Dagum one. The mean and Gini coefficient associated with the latter model are in fact above the 95% upper confidence limit of their corresponding sample estimates in six (from 1989 to 2005) and three (1994, 2003 and 2005) cases out of 9, respectively, and their percent error turns out to be relatively large compared to the other models-save for 1994, where both the mean and Gini predictions exhibited the lowest error, and 2009 with respect to the Gini coefficient implied by the Singh-Maddala 13 The correlation coefficients between the Weibull scale parameters (λ) and the two series of the median and mean net wealth values among the negatives are close to unity (0.982 and 0.955, respectively) and highly significant (p-value < 0.001 in both cases). Similarly, the correlation coefficients between the values of the scale parameter of the Singh-Maddala (b), Dagum type I (b) and κ-generalized (β) distributions and the two series of the median and mean net wealth levels among the positives are all significant at the 1% confidence level and equal, respectively, to 0.931, 0.983 and 0.998 for the median and 0.812, 0.925 and 0.935 for the mean. 14 The analytic values for the mean and Gini coefficients, also reported in the last two columns of Table 2 , were obtained by substituting the estimated parameters into the relevant expressions given by Eqs. (16) and (17) with r = 1 for the mean and Eqs. (22) for the Gini. The results summarized in the tables above allow us to emphasize a distinctive feature of wealth distributions, i.e. the concentration of density mass at zero. There is often a marked spike at zero because a relatively large fraction of the population has no wealth. Similar spikes do not occur with income distributions, where it is often the case that the density mass vanishes when income goes to zero. As the Weibull, Singh-Maddala, Dagum type I and κ-generalized distributions are zero-modal with a pole at the origin if, respectively, s < 1, a ≤ 1, ap ≤ 1 and α ≤ 1, it is easily verified from the estimates of these parameters that the probability density functions of the three mixture models inevitably transfer some density mass from the neighbouring values to the cited spike at zero-i.e. they diverge, rather than vanish, when the argument goes to zero from both the negative and positive ends of the wealth range. 15 This finding of a divergent probability density in the limit of zero wealth is also shared by other studies on the distribution of wealth (e.g. [49] ).
The parameter estimates reported in Table 2 were also used to build estimated Lorenz curves by applying Eqs. (19) . The curves for 2003 are presented in Figure 5 together with the empirical Lorenz curve estimate. Even if it is small, one can see a difference between the three predictions, in that the Lorenz curve estimated from the Dagum mixture model lies below the empirical one for approximately the top 30% of the wealthiest households, while the Singh-Maddala and κ-generalized mixture models lead to estimated Lorenz curves exhibiting a degree of inequality that is much more in line with the observed one. In particular, the mean absolute difference between the empirical Lorenz data and the predicted values (averaged from all the survey years) amount to 0.004, 0.007 and 0.002, respectively, for the Dagum, Singh-Maddala and κ-generalized mixture models, thus indicating once again that the latter model gives a better match to the observed data than the other two. It is interesting to note that the κ-generalized mixture model provides a better fit to most of the data than any of the alternative models regardless of the criterion used for comparison. For instance, by inspection of AIC and BIC values reported in the fourth-and third-last columns of Table 2 , it emerges that both the selection criteria agree on the κ-generalized mixture model as the preferred one for all of the survey waves. 16 To see if these differences in the performance of the alternative specifications are statistically significant, we adopt the Vuong approach to model selection [52] . This approach sets the model selection criterion in a hypothesis testing framework. More specifically, it tests the null hypothesis that the models under consideration are equidistant from a unknown "true" model against the alternative hypothesis that one model is closer. The test statistic is asymptotically normal under the null hypothesis and is quite straightforward to compute. Table 3 shows the results of the comparisons for the three mixture models. As can be seen, if one takes the 5% as the relevant significance level only in three cases (i.e. when comparing to the Singh-Maddala mixture model in the survey years 1994 and 1999 and to the Dagum one in 1984) the test concludes that the κ-generalized mixture model is observationally equivalent to its competitors, while in all the other cases (more than 83% of all cases) its superiority as a descriptive model is found to be statistically significant.
The above evidence holds vis-à-vis a further check involving goodness of fit indicators such as the root mean squared error, defined as the square root of the average squared error between the observed and predicted values of the cumulative distribution function. In mathematical terms this is expressed as where F * (w) is the distribution function deduced from the fitted mixture models andF N (w) = N i=1 π i 1 A (w) / N i=1 π i denotes the empirical distribution function of the N sample data ordered from lowest to highest carrying the π i along (1 A is the indicator function of the set A = {w|w i ≤ w} and π i refers to the sampling weight of the ith observation). Clearly, lower values of RM SE indicate a better fit. The comparison results between the competing models based on the above criterion are shown in Table 4 . As can be seen, the κ-generalized mixture model of net wealth ranks first for all years but 1984, where it is outperformed by the Dagum mixture model. Similar results are obtained by additionally performing an Anderson-Darling goodness of fit test that data come from the fitted Singh-Maddala, Dagum or κ-generalized mixture model. This test is known to be more powerful than other tests based on the empirical distribution function, since it provides equal sensitivity at the tails as at the median of the distribution [53] . 17 The last three columns of Table 4 17 The formula used for the test statistic is the one reported by [54] , which allows for weighted observations. Since the distribution of the Anderson-Darling test statistic is only known for data sets truly drawn from any given distribution [55] , while in our case the underlying distribution is itself determined by fitting to the data and hence varies from one data set to the next, the p-values for the test have been derived by making use of a nonparametric bootstrap method [56] . That is, given our N -vector of net wealth data, we generated 100 synthetic data sets by drawing new sequences of N observations uniformly at random from the original data. We then fitted each synthetic data set individually to the three mixture models and calculated the test statistics for each one relative to its own models. Then we simply counted what fraction of the time each resulting statistic was larger than the value for the empirical data. This fraction is the p-value for each fit, and can be interpreted in the standard way: if it is larger than the chosen significance level, then the difference between the empirical report the test results for the nine sets of data. p-values are always larger than 0.05, meaning that (if one takes 5% as the relevant significance level) in all cases the data can be statistically described by the three models. However, except for 1984, fitting the κ-generalized mixture model results both in lower values of the test statistic and higher p-values, thus offering superior performance over the Singh-Maddala and Dagum mixture models.
Can these findings be ultimately ascribed to the different performance of the alternative densities used to characterize positive net wealth values? Figure 6 presents for the 2003 PSID wave the relationship between log-rank and log-size along the positive support of the net wealth distribution. This doublelogarithmic framework, known as the Zipf plot, is natural to use when focusing on the top part of the distribution because it accentuates the upper tail, making it easier to detect deviations in that part of the distribution from the theoretical prediction of a particular model. 18 The lines show the predicted Zipf plots obtained from the fit of the models considered. As the figure reveals, all of them are in good agreement with the actual data in the low-middle range of the positive support of net wealth distribution. However, at the top tail there is a systematic departure of empirical observations from the theoretical predictions of the mixtures using the Singh-Maddala and Dagum type I specifications as descriptions of the positive net wealth values, while in the same part of the distributions the theoretical Zipf plot for the κ-generalized data and the model can be attributed to statistical fluctuations alone; if it is smaller, the model is not a plausible fit to the data. 18 For an illustration of basic properties of the Zipf plot see e.g. [57] .
mixture model lies much closer to the empirical one. This point is of particular relevance in the current context, both for the documented presence of long and fat tails towards the upper end of the U.S. net wealth distribution and the fact that all of the three densities accounting for the positive range of wealth obey the weak Pareto law [6] . The weak version of the Pareto law states that the right-hand tail of a distribution behaves in the limit as a simple Pareto model, with an exponent that is a function of the parameters governing the shape of the distribution (see e.g. [58] for an overview). The values of the Pareto index derived from parameter estimates of the Singh-Maddala, Dagum and κ-generalized mixture models are given in the sixth column of Table 2 . 19 Remarkably, according to the κ-generalized mixture model the set of values for the index of the Pareto tail is closely in the narrow range (1, 2] that is generally found in empirical studies on the U.S. wealth distribution [62-64, for instance], whereas for the other two models the Paretian upper tail index oscillates systematically above (Singh-Maddala) and below (Dagum) the limits of this range.
Summary and conclusions
This paper mainly deals with the specification, analysis and application of models for net wealth distribution with support in the interval (−∞, ∞). These are mixtures-or, equivalently, convex representations-of three distributions with non-overlapping intervals, which have the advantage of providing a relatively flexible functional form and at the same time retain the advantages of parametric forms that are amenable to inference. The first distribution is a two-parameter Weibull model that describes the distribution of economic units with negative net wealth, i.e. covering the open interval (−∞, 0); the second is a degenerate distribution with its unit mass concentrated at w = 0; and the third is, alternatively, the three-parameter Singh-Maddala, Dagum type I or κ-generalized model that accounts for the distribution of economic units with positive net wealth, hence defined in the open interval (0, ∞).
We have obtained closed formulas for the different probability functions, moments and standard tools for inequality measurement (i.e. the Lorenz curve and Gini concentration ratio). Except for the Dagum general model of net wealth [17] [18] [19] [20] , to the best of our knowledge this is the first time that the analytical properties of finite mixture models for net wealth based on alternative distributions to characterize positive values are fully derived.
The performance of the three mixture models has been checked against real data on U.S. household net wealth for different years. Goodness-of-fit comparisons reveal that all the three models are in good agreement with actual data, but the departure of empirical observations from the predictions of the Singh-Maddala and Dagum mixture models is always larger than in the case of the κ-generalized. In particular, the latter model suggests a superior fit in the right tail of data with respect to the others in many instances.
Finite mixture models deserve further attention in future. A feature of these models is that each of the parameters may be made a function of covariates summarizing household characteristics. Estimation of "heterogeneous" wealth distributions such as these, with distributional shape allowed to vary with personal characteristics, provides a route to decomposition analysis of the sources of differences in wealth inequality across years or countries. 20 This could be a good starting point for future research.
